We prove a property of Brownian bridges whose certain time-equidistant sequences of points are pairwise coupled by an interaction. Roughly saying, if the total time span t of the bridge tends to infinity while the distance of its end points is fixed or increases slower than √ t, the process asymptotically forgets this distance, just as in the absence of interaction. The conclusion remains valid if the bridge interacts in a similar way also with another set of trajectories. The main example for the interaction is the Coulomb potential.
Introduction
The problem we consider in this paper arises in Quantum Statistical Physics when a system of interacting particles is investigated by utilizing the Feynman-Kac formula [F1-2, G1-4] . It is in relation with BoseEinstein condensation that we do not discuss here. Let P In physics λ t is the thermal de Broglie wave length at inverse temperature t, λ t = 2π 2 t/m, where m is the mass of the particle. In particular, and we wish to prove a similar result in the case of interaction. For this we take a real function u(x) on R ν that depends only on |x|; the interaction between points x and y is u(x − y). The time span of the bridge is nβ, where β > 0 and n is a positive integer. Given a trajectory ω : [0, nβ] → R ν , its self-interaction is defined as and our interest is to give a lower bound on
As to the physical background, let
the energy operator of n interacting particles of mass m. For suitable choices of u, e −βHn has an integral kernel, and by the Feynman-Kac formula we have
In addition, we shall consider also the problem when, apart from a Brownian bridge ω 0 of time span nβ and self-interaction U 1 generated by a pair potential u 1 , there is also a set of M other trajectories
These may interact among themselves; their potential energy is then
with a pair potential u 2 . The inclusion of this interaction is optional; what is important is an interaction between ω 0 and ω M , 10) acting as an external field for ω 0 . Both u 2 (x) and u 3 (x) depend only on |x|. The underlying energy operator in this case is that of n particles of mass m 1 with pair interaction u 1 and M particles of mass m 2 with pair interaction u 2 , the two sets pairwise interacting via u 3 :
(1.11) Some special cases of the external field will be presented in Section 3.
Isolated Brownian motion
Here we treat a Brownian bridge of time span nβ under self-interaction alone.
Theorem 2.1 Let u be twice differentiable outside 0. If ∆u ≤ 0, then
Proof. We start with the identity
where
3) see [G1] . Applying this to φ(ω) = exp −βU (ω) and using the notation
we obtain
we must prove that
Actually, the stronger result
without taking the limit, also holds. Note that I nβ (x) is a spherical function, thus it has an extremum at 0. We show that I nβ (0) is a global minimum by proving that ∆I nβ (x) ≥ 0 everywhere. Indeed, this implies that I nβ is a convex even function of x along every axis passing through 0. Now
, and the result follows from
The general solution of ∆u ≤ 0 is easily obtained. Define Examples. For g = 0 we can obtain the ν-dimensional Coulomb potential of both signs. In general, f (s) = s −α is a solution of Eq. (2.15) for g(s) = α(ν − 2 − 2α)s −α−1 which is nonnegative if α ≤ ν/2 − 1. Another interesting solution is obtained in dimensions ν ≥ 3 if
It reads
In three dimensions with α = 4 this is the form of the induced dipole-dipole interaction which appears in the Lennard-Jones potential.
Self-interacting Brownian bridge in an external field
The external field is created by a set of other trajectories, and is given by Eq. (1.10). Let
As before,
where λ nβ = 2π 2 nβ/m 1 .
Proposition 3.1 If u 1 and u 3 are twice differentiable outside the origin and
Proof. Again, a direct computation gives
Recalling the identity (2.12) and
is not a spherical function, so it may not be minimal at x = 0. If, for example,
and therefore
, obtained by integration over a set of ω M . Examples will be given below. As a function of x, S I nβ ω M (x) depends only on |x|, and may preserve some dependence on ω M . From Eq. (3.3),
One can differentiate inside the integral over ω M , so
Theorem 3.1 For u 1 and u 3 as in Proposition 3.1, 
where S M is the set of permutations of {1, . . . , M }. This is the typical choice when the particles associated with ω M are bosons. The physically interesting case is n ∝ M ∝ L ν and n → ∞ replaced by L → ∞. If n ∝ L ν , for x 2 /n → 0 to hold one must have |x| = o(L ν/2 ). In ν ≥ 3 dimensions all x of length |x| = O(L) satisfy this condition. When n = M , u 1 = u 2 = −u 3 = u with ∆u = 0, the system is a neutral two-component plasma.
(ii) The second set of particles can be treated classically. This is the m 2 = ∞ limit in which both the kinetic and the potential energy of these particles (the last two terms of the Hamiltonian (1.11)) can be dropped. Now ω i (t) ≡ x i , ω M = x M = (x 1 , . . . , x M ), and the interaction between the two sets becomes When n = M , u 1 = −u 3 = u with ∆u = 0, we have a neutral system of light charged particles moving in the field of immobile heavy ions.
